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We introduce a new approach for modelling the behavior of pedestrians which borrows
techniques from the kinetic theory of rareﬁed gazes. This approach is based on concepts
from the kinetic theory for ‘active particles’. In our modelling of crowd movements,
pedestrians are regarded as entities whose microscopic states include a geometric variable
(to denote position), a mechanical variable (to denote speed), and a variable to describe the
rate of development of individual strategies that inﬂuence the collective dynamics. Indeed,
the third variable is introduced to account for the ability of individuals to modify their
dynamics according to speciﬁc objectives and strategies. The equations eventually obtained
are a set of nonlinear integro-differential equations of Vlasov or Boltzmann type.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction
A crowd is a system composed of pedestrians in motion and interacting among themselves. The collective dynamics of
such a system depends strongly on the behavior of the individuals which constitute it. Thus a crowd is categorized as a
complex system, i.e., a system consisting of several individuals interacting in nonlinear ways that arise and evolve through
self-organization. A complex system is neither completely regular, nor completely random, and allows for the development
of some emergent behavior. An example of complex crowd behavior is the formation of lanes in the case of two crowds
E-mail address: christian.dogbe@unicaen.fr.0022-247X/$ – see front matter © 2011 Elsevier Inc. All rights reserved.
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C. Dogbe / J. Math. Anal. Appl. 387 (2012) 512–532 513moving in opposite directions. One of the ﬁrst analysis of this phenomenon was written in 1895 [39]. McPhail [42] insists
that crowds are composed of individuals making their own decisions, and who only temporarily act as a collective. Helbing
et al. [26] developed a model that takes into account interactions between the individuals and the physical environment.
Since the onset of research in the ﬁeld, the approach to the modelling of the movements of crowds has been on the
basis of analogies with physical systems. See Henderson [31,30,32], Ball [1], and Helbing [27].
At ﬁrst glance, human individuality seems to preclude any attempt to describe the motion of individuals in a crowd as
a physicist would describe the motion of particles in a system. Unlike particles, human beings react to internal inﬂuences
or preferences as well as to neighboring entities and the environment. However, the typical behavior of crowds shows that
despite a great disparity in internal inﬂuences, certain behavioral characteristics can be directly attributed to collectivity.
In many cases, individuals can be likened to particles, at least as far as common emerging traits and their description via
formal models are concerned. A pedestrian is often called a “particle”. Its movements can be described with the help of
Newtonian mechanics. By analogy, a crowd can be modelled with ﬂuid mechanics.
Pedestrian behavior has been studied empirically since the 1950s by Hankin and Wright [19]. The work of Hender-
son [31] in the 1970s shows that it is possible to identify “gaseous” phases and “liquid” phases in the dynamics of a crowd
on the move. A ﬁrst example, “is that of the Mexican wave (or La Ola), in which each agent chooses to stand, sit, or assume
an intermediate position based on his/her comfort level and the position of nearby agents” [17]. Another typical example is
found at a train station. Travelers hurry towards a full passenger car’s exit door—this is the gaseous phase—at which point
they are suddenly limited by space and constrained into a single ﬁle—the liquid phase. The kinetic theory of gases serves in
the construction of mathematical models for these behaviors, and can predict critical points and phase transitions. Pedes-
trian dynamics have some obvious similarities with ﬂuid dynamics, therefore it is not surprising that the earliest models of
pedestrians dynamics were inspired by hydrodynamics. (The same is true of vehicular dynamics.) Bradley [7] has hypoth-
esized that the Navier–Stokes equations governing ﬂuid motion could be used to describe motion in a crowd at very high
densities. While the Boltzmann equation cannot be used “as is” to model the complex systems we work with, it remains an
essential reference. The literature on the modelling of crowd dynamics has ﬂourished recently. Contributions of note include
[29,22,10,41,33,45,40,46,13,44,15,16,11], and references therein.
The modelling of crowd dynamics may be tackled at three separate levels on a representation scale.
The most elementary and precise scale is the microscopic scale (or particle) scale. At the microscopic level, each pedes-
trian is considered an individual (particle) and is handled as an entity in itself. Models of this type take into account the
characteristics of each individual, that is, the position or the speed of motion of an individual at a given instant. The typical
example is the social force model of Helbing [21,20,28].
The macroscopic scale consists in aggregating the motions of all pedestrians and focusing on ﬂows in the displacement of
the crowd of pedestrians. In this representation, crowd movements are described by equations similar to those found in ﬂuid
mechanics (see Hanisch et al. [18] and [34,35]). Macroscopic models formalize the global dynamics of the system without
direct reference to individual behaviors. The system is usually described either in term of the density of the individuals or
in term of the average speed of displacement in various areas of the space under consideration.
The intermediate scale is the mesoscopic scale (or kinetic scale). In this statistical representation, the state of the entire
system is described by some suitable probability distribution over the microscopic state of the interacting elements. The
distribution function contains an additional variable that describes characteristics of the pedestrians’ strategy (for example,
the intended speed). The elaboration of our kinetic model of a crowd will be accomplished by formalizing various behavioral
rules that characterize an individual and the interactions ruling an individual’s behavior when in the presence of other ele-
ments in the environment. The study of kinetic models is important since it allows for a precise description of the evolution
of particles within a system. The application of kinetic theory to the representation of crowd dynamics remains very limited
in the literature. The literature in the ﬁeld is documented independently in the papers [5] following a technically analogous
approach, models of evolution of crowds dynamics. (See also Ref. [4].)
Note that each switch from one scale to another leads to a loss in precision, although the modelling becomes less and
less costly from the numerical point of view. The motivation to use the macroscopic scale instead of the microscopic scale,
or even kinetic scale, is related to the practical objective of reducing complexity. (See Fig. 1.)
To be clear: None of these representations is appropriate in view of the number of entities that interact in a crowd, or
big enough to verify either an approximation of continuous mechanics (that is, on the macroscopic scale) or a statistical
representation by continuous functions of the probability distribution over the microscopic state (in accordance with the
methods of kinetic theory). Moreover, the approach on the microscopic scale entails problematically complex calculations
depending on the number of interacting entities (which can sometimes ﬂuctuate in time). In most cases this number is very
large; the corresponding number of equations generated for the modelling of individual dynamics can become so great that
it is impossible to avoid ﬂuctuation errors.
In addition to the above three levels of representation, a feature used in the classiﬁcation of crowd dynamics mod-
els has to do with a model’s continuous vs. discrete representation of the environment in which the pedestrians evolve.
For example, models based on forces are simulated in continuous space. In the case of a continuous representation of
the environment, the location of an individual is described by real coordinates and pedestrians may be anywhere in the
environment. In the case of a discrete model, there is a ﬁnite number of positions that pedestrians can occupy.
Some pioneer papers have proposed suitable generalizations and developments of the above mathematical approaches
for the modelling of large complex systems found in various ﬁelds of applied sciences, such as social dynamics and psycho-
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logical interactions. Among others, the authors of [8] tackle modelling in the context of complex psychological interactions.
Concerning approach used in this paper, Jager and Segel [36] have used the same approach to model the social behavior
of certain populations of bumble-bees. In [36], the evolution of the probability distribution of a suitable variable called
dominance is related to a population of anonymous interacting organisms. This approach is also used in the kinetic theory
of vehicular traﬃc [6].
The remainder of our paper is organized as follows. Section 2 provides a brief description of the model selection process.
We introduce and discuss the variables that will represent the physical system under consideration.
Section 3 presents the derivation of a generic pedestrian equation. Our derivation of the evolution equation by the
methods of mathematical kinetic theory is obtained via the following steps: First, we model microscopic and macroscopic
interactions which may be long range (localized in space, and in the case of collisions between two pedestrians); secondly,
we derive an evolution equation for the distribution function mentioned in Section 2 by means of a balance equation where
the rate of variation of the number of pedestrians in the elementary volume of the state space is equated to the net rate of
ﬂux into such a volume due to interactions or transport. This describes interactions between agents as one would describe
interactions between charged particles. Section 4 presents the statement of mathematical problems related to the application
of models to real system analysis. These are usually initial and initial–boundary value problems. In Section 5, we derive a
macroscopic version of our Boltzmann-type equation for pedestrian dynamics. We show how the distribution function can
be used to recover gross macroscopic information on the overall state of the system by weighted moments, and derive a
system of equations similar to Euler’s. In Section 6, we use discrete space, velocity, and direction to describe the behavior of
pedestrians in a crowd. The physical interactions between pedestrians and of pedestrians with the environment, which have
a fundamental role in the evolution of the system, are introduced as modifying the transition probabilities of pedestrians
(from their position to a target). Lastly, we close with Section 7, which features a critical analysis of the mathematical
constructs used in our paper, i.e., of their lack of descriptive ability. We end with a brief outline of a new approach for the
modelling of crowd dynamics and pose a few seminal questions.
2. Mathematical representation of the problem
We begin with the identiﬁcation of the observation and modelling scale for the problem under study. The kinetic theory
description is considered. This description is used when the state of the system is identiﬁed by the position and velocity
of the microscopic entities and their representation is delivered by a suitable probability distribution over the microscopic
state. Mathematical models usually describe the evolution of the above distribution function by means of nonlinear integro-
differential equations.
We now provide a detailed analysis of the mathematical representations corresponding to the modelling of crowd dy-
namics. The representation of crowds is analogous to the representation of traﬃc, with the difference that crowd dynamics
are represented in more than one space dimension [4]. However, the modelling approach has to face the additional diﬃ-
culty that none of the usual representation scales is effectively consistent with the physics of the complex systems under
consideration. The ﬁrst stage in the construction of our model consists in a selection of the variables and identiﬁcation
of the relevant dimensionless parameters. Let us consider the system in a two-dimensional domain Ω ∈ R2. The current
position and possible movement direction of a pedestrian moving in Ω are shown in Fig. 2. The geometry can be further
modiﬁed by inserting internal obstacles and an inlet zone [3]. In the case of a crowd, such a domain can be bounded; the
generalization to a three-dimensional space is technical.
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The reference quantities , nM , and VM can still be used, but they have a slightly different meaning. Speciﬁcally,
•  is the largest dimension of the domain Ω;
• nM is the maximum density corresponding to the highest admissible packing.
• VM is the maximum admissible mean scalar velocity which may be reached, in average, in free ﬂow conditions, while
the maximum admissible velocity for an isolated individual is denoted by (1 + μ)VM , where μ > 0 is a parameter
experimentally derivable.
• u ∈ Du ⊆ R is the dimensionless activity variable.
The assessment of the independent variables follows:
• t = tr/TC is the dimensionless time variable referring to the critical time TC = VM/;
• x= xr/ is the dimensionless space variables.
It is important to note that when the domain Ω is strewn with obstacles, we must take into account that some points
x ∈ Ω cannot be directly connected to the target point by straight paths. The moving direction of an individual pedestrian is
determined by pedestrian ﬁrst and last locations. The direction can be represented as a unit vector that connects the point
when the pedestrian enters and egresses from the system. Assuming that “the crowd is goal directed”, which implies that
all pedestrians want to reach the same target T , we then postulate that the velocity v at the point x ∈ Ω at time t can be
written as
v(t,x) = v(t,x)ν(x),
where v is the magnitude of v (i.e., the pedestrian speed) and ν indicates a unit vector in the direction of v. The pedestrians
determine their moving direction by referring to this vector at their present location. In general, the direction of the pedes-
trians is modelled as the superposition of two contributions: the desired direction, i.e., the direction that the pedestrian will
take to reach their goal in a clear area, and the direction of interaction, namely the direction that will enable pedestrians to
avoid congested areas. In what follows, we only consider v independent of t and x.
For our convenience, some notations and deﬁnitions are now stated to precisely deﬁne the microscopic state of each
particle and the statistical description of the system. The variable (in our relatively simple case) in charge of describing the
state of the “active pedestrians” (hereafter called “particles”) is denoted by w = {x,v,u} and is called the microscopic state.
This microscopic state can be split into the geometrical microscopic state (e.g., position, orientation, etc.), the mechanical
microscopic state (e.g., linear and angular velocities), and the social microscopic state u called activity. The microscopic state
can be generalized by adding the angular conﬁguration and rotational velocity. The activity variable u can be a discrete or a
continuous variable depending on the phenomena under consideration and the constraints of the modelling process.
After the above preliminary deﬁnitions, it is possible to assess the suitability of the variables to represent the system on
various scales. We are then concerned with the kinetic (statistical) representation of a system constituted
by a large number of interacting individuals, where the collective behavior of the system is identiﬁed by the probability
distribution function over the microscopic state:
f = f (t,x,v,u) = f (t,w), R+ × Ω × Dv × Du → R+. (2.1)
If f is locally integrable,
f (t,x,v,u)dxdvdu = expected number of individuals, whose state, at the time t,
is in the elementary domain of the microscopic states
[x,x+ dx] × [v,v+ dv] × [u,u + du].
Note that in the literature, if the variable with which individuals develop strategy is the same for all particles, one speaks
of a generalized kinetic theory, whereas if the variable is heterogeneous and modiﬁed through interactions, the system can
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Of course, the distribution function f can be normalized with respect to nM so that all derived variables can be given in
a dimensionless form.
Before formulating a Boltzmann-type model for pedestrians, it will be necessary to introduce some terminology for the
type of problem at hand.
The strategy used to derive these Boltzmann-type equations follows the guidelines offered by the pioneer book [2].
The following pedestrians are involved in the interactions: The candidate particles with microscopic state deﬁned, at the
time t , by (x∗,v∗,u∗), whose distribution function is f∗ = f (t,x∗,v∗,u∗); the ﬁeld particles with microscopic state, at the
same time t , deﬁned by w∗ = (x∗,v∗,u∗), whose distribution function is f ∗ = f (t,x∗,v∗,u∗), and the test particles with
microscopic state (x,v,u) with distribution function denoted by f = f (t,x,v,u).
The rules of interactions are as follows: The candidate particles interact with ﬁeld particles and probably acquire the
state of the test particles. Test particles interact with ﬁeld particles and may lose their state.
The term “candidate” is used to identify the particle which is not yet in the state of the test particle, but is likely to
acquire that state after interaction.
3. Derivation of the model equation
As already mentioned, this consists in a direct simpliﬁcation of the equation developed in Refs. [4,5], where the necessary
details, mathematical framework, and related bibliography are provided, and to which the interested reader is referred. The
development of the contents takes advantage of some review papers in the literature [25], which cover speciﬁc topics of the
overall subject.
Before going into details about the possible derivation of mathematical models, it is worth mentioning differences be-
tween the modelling of mechanical systems and the approach used for complex living systems. Actually, the representations
deﬁned in the preceding subsections may be subject to some criticism if we draw a parallel with the famous paper of
Daganzo [12] which stressed the lack of validity of the use of macroscopic or continuous distribution functions. As men-
tioned in the introduction, one diﬃculty in modelling the movements of pedestrians stems from their behavior as complex
living systems. In general, a living system is a large ensemble of entities that interact by rules that follow speciﬁc strategies,
and that have the ability to communicate with other entities and to organize their own dynamics according to both their
own strategy and their interpretation of others’. Therefore, much dexterity is required to bring about a coupling of complex
systems and mechanical systems. Mechanical systems follow the rules of continuum mechanics according to conservation
laws and are constant in time, while living systems follow rules generated by their self-organized ability in responding to
contingent situations. Furthermore, a mechanical system is represented by a continuum model, namely by a system with an
inﬁnite amount of freedom; while a living system is a discrete system, that is, a system with a ﬁnite degree of freedom.
Even if each pedestrian merely attempts to reach a predetermined, ﬁxed destination and to maintain a “comfort” speed,
the pedestrian will nevertheless be forced to interact with other individuals while traveling such that many interactions
will occur between individuals. Regarding interactions between individuals, one can discern among others: some internal
interactions (e.g., avoidance between individuals based on a visual signal), some external interactions with the environment
(e.g., an obstacle or the jostling that usual takes place in a situation where crowd density is very high, and that are at the
origin of a collective phenomenon called “turbulence”), some attraction forces (attraction point) and some repulsive forces
(e.g., a high density area). In the above cases, the effect of an interaction results in a change of position, or direction, or in
a change in the speed of movement of an individual.
We recall that rather than studying the evolution of the total number of individuals, as in traditional kinetic theory,
we are interested in the evolution of the interacting individuals’ statistical distribution over the above-mentioned internal
states.
In classical kinetic theory (e.g., [9]) different types of interactions can be distinguished: localized interactions, related to
the Boltzmann equation, which occur when both pedestrians are at a minimal distance, and mean interactions, related to
the Vlasov equation, which occur when the ﬁeld pedestrian is within the interaction domain Ω of the test pedestrian. The
size of Ω depends on the “visibility area” of the test pedestrian. In crowds, the dynamics of the interactions and the overall
strategy is modiﬁed according to speciﬁc situations, for instance the presence of panic can change them consistently [23].
The modelling approach should capture both analogies and differences.
Our analysis begins with long-range interactions. Long-range interactions are important in the modelling of pedestrian
dynamics considering that individuals develop their strategy not only by taking into account nearby pedestrians, but also
those far away. We can borrow some ideas from the social force of Helbing et al. [21] where pedestrians are treated as
particle subjects, or from Schadschneider [48] who introduces the interesting concept of a “ﬂoor ﬁeld” to model long-ranged
forces. Long-range interactions occur when the pedestrians are in a certain action domain. In other words, a pedestrian in a
certain position x perceives the action of all pedestrians localized within a certain volume around x which one may call the
action domain. We assume that only pair interactions are signiﬁcant.
We are now ready to derive the evolution equation for the distribution function over the microscopic state (as for a
Boltzmann equation). It is also obtained from a balance principle.
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If we neglect, for the moment, interactions between pedestrians, and if we assume that pedestrians are not subject to
any external acceleration, then, according to Newton’s principle, each pedestrian travels at constant velocity, along a straight
line, and the density is constant along characteristic lines dx/dt = v, dv/dt = 0. Thus it is easy to compute the distribution
f at time t in terms of f at time 0:
f (t,x,v) = f (0, x− vt,v), (3.1)
that is, f is a weak solution to the equation of free transport
∂ f
∂t
+ v · ∇x f = 0. (3.2)
The operator v · ∇x is the (classical) transport operator. The ﬁrst term in Eq. (3.2) is the local density times the rate of
change of f along a local pedestrian path. If we take into account the action of the outer environment, e.g., a macroscopic
and microscopic (external) acceleration denoted by F[ f ] := F[] + F [ f ] and acting as a transport term on pedestrians,
then the equation has to be corrected accordingly since the trajectories of pedestrian are no longer straight lines. Then the
relevant equation reads:
∂
∂t
f (t,x,v,u) + v · ∇x f (t,x,v,u) + ∇v
((
F[ f ] + F[ f ]
)
f (t,x,v,u)
)+ ∇u(F[ f ] f (t,x,v,u))= 0. (3.3)
In Eq. (3.3), F models macroscopic acceleration while F models the microscopic acceleration. Eq. (3.3), a Vlasov type equa-
tion involving the system’s contribution, describes the strategy of pedestrians to move within their environment based on
the activity state. This equation is still linear when F is given, but here nonlinearities arise because the interactions are
created by the pedestrians themselves. The last three terms of Eq. (3.3) reﬂect how the “generalized distribution function”
f (t,x,v,u) (with v representing velocity and u as the activity variable) changes depending on the inﬂow/outﬂow balance
of pedestrians and the pedestrians’ acceleration toward the activity variable.
The next step consists then in the mathematical description of the microscopic (resp. macroscopic) acceleration F[]
(resp. F [ f ]) depending on various conceivable physical situations. Of course, Eq. (3.3) is incomplete until we specify these
terms.
3.2. Modelling interactions
3.2.1. Determination of macroscopic accelerations
As in the model proposed in [3] (see also [14]), we assume
Assumption 1. Macroscopic accelerations among individuals are taken into account by introducing an intensity φ point along
the direction ν to describe the phenomenological average acceleration with which the crowd changes speed. Assuming that
the pedestrian behavior is inﬂuenced both by density and speed,
F[,v, ν] = φ[,v]ν. (3.4)
A common choice for the intensity φ and ν are{
F[,v, ν] = φ[,∇x,v]ν,
ν = ν[]. (3.5)
The interesting particularity of the form of the acceleration F is that it exhibits very different behavior depending on the
value of their arguments. It can be modelled borrowing some ideas from macroscopic modelling. F[,v, ν] := F [] can be a
contribution of two terms:
F [] = FD[]ν + F p[]. (3.6)
(i) FD[] is the frictional acceleration or a driving force which reﬂects the adaptation of the current velocity ν of the
pedestrian to a desired speed within a certain relaxation time. This implies
FD[] = cD
(
Ve() − v
)
. (3.7)
Ve is the equilibrium state of the speed-density relationship, i.e., the speed of the pedestrians which depends, pointwise,
on the crowding of the walking area; cD > 0 is the inverse of the relaxation time of the pedestrians. As in traﬃc
modelling, one can take cD = 1τ , where τ is the relaxation time that causes a delay after the agent has performed
deceleration processes.
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velocity, which might induce pedestrians to deviate from their preferred path in order to avoid areas of high density
F p[] = −cp∇ν, (3.8)
where ν is a unit vector pointing toward the target and cp must be properly expressed. Moreover, the density gradients
can be substituted by those of the “pseudo-pressure” that take more precisely into account the inconvenience experi-
enced by the pedestrians in high density conditions. Therefore, one can have cp ≡ p(), where the function p() is an
increasing function such that p() ∼ γ for densities  	 1 and p() → +∞ as  → ∗ is the so-called congestion
density. So, we can take p() to be
p() = 1
( 1 − 1∗ )γ
, γ > 0. (3.9)
This pressure prevents the density from exceeding the congestion density. The simplest assumption consists in p = ;
while, more generally, one has
F p[] = −cp κ
2()

∇ν. (3.10)
A simple expression of κ2() is κ2() := κ in isothermal conditions.
The generalization of (3.8) can be done through the following form
F p[] = ∇νφ
(

(‖z‖)), (3.11)
where ‖ · ‖ is the Euclidean norm and ‖z‖ is the distance vector pointing from pedestrian with state x to x∗ and φ :R → R
is determined according to the type of the models. In Eq. (3.11) we can use an idea of Molnár [43], according to which the
tendency of social groups (friends, family) to move together are subject to attraction or repulsive interactions when they
come “too close” to each other. The term (3.11) represents deterministic inﬂuences on motion, such as intentions to move
in a certain direction at a certain desired velocity, or to keep a distance from neighboring agents. Typical examples for φ
include nonlocal or local smoothing operators.
• First, we will assume a simpliﬁed acceleration of the form
φ
(

(‖z‖))= φ((z)) with φ(y) = y2, (3.12)
where φ is a nondecreasing function. Such a function is used to model repulsive cases when the pedestrians do not like
to share their position with others.
• Another form of φ should be
φ
(

(‖z‖))= φ((z)) with φ(y) = − log(y). (3.13)
Such a function is used to describe situations when the pedestrians are gregarious, i.e., they like to all be in the same
position.
• In addition, we assume that the acceleration φ can be decomposed as follows:
φ
(

(‖z‖))= φ0(x) + φ1[], (3.14)
where square brackets denote functional dependence.
In (3.14), φ0(x) is a function of geographical preference, meaning that if the pedestrian was alone, he/she would choose
the minimum of the function φ0(x) and φ1[] is a function taking into account dependence the interaction locally with a
set of other pedestrians. The local interactions are expressed by the fact that an agent’s utility is affected by the choices of
his/her neighbors. Actually, the function φ1() reﬂects the attraction or the aversion to the crowd; the inclination to choose
a better place, while avoiding the crowd. The function φ1 is then a scalar function depending on the measure of the crowd
at point x; that is,
φ1[] = f
(
1
vol(Bδ(x) )
∫
Bδ(x)
(x− x∗)dx∗
)
, (3.15)
with vol(Bδ(x) ) as the volume of the ball of radius δ, shows how to count the number of pedestrians in the ball of radius δ.
We are particularly interested in the case where δ = 0 and φ1[] = ϕ((x)) is a real-valued function. For instance,
ϕ(t) = ctα, α > 0, (3.16)
such that, if c > 0, (3.16) translates the aversion to crowd and if c < 0, it is the attraction to the crowd or the desire for
company.
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(a special case of Eq. (3.20) with dc = 1, d(x,x∗) = x, β1 = β2 = 1) and y = x−2.
3.2.2. Determination of microscopic accelerations
The term F can be modelled borrowing some ideas from the mean ﬁeld models of Boltzmann equation. In order to do
so, we postulate
Assumption 2. The distribution function is modiﬁed only by external actions. The test active pedestrian is subject to long
distance interactions which depend on the position and activity of the interacting pair’s range vector action, that is, a posi-
tional acceleration applied by the pedestrian in x to the one x∗:
θ = θ(x,x∗,v,v∗,u,u∗), (3.17)
over the test active pedestrian with microscopic state due to the ﬁeld active pedestrian. Therefore the resultant activity
action of the active pedestrian in the action domain D of the test pedestrian is
F[ f ](t,x,v,u) =
∫
Λ
θ(x,x∗,v,v∗,u,u∗) f (t,x∗,v∗,u∗)dx∗ dv∗ du∗, (3.18)
where Λ = Ω × Dv × Du and Ω is the visibility zone around the test active pedestrian, and where θ needs to be properly
modelled on account of the speciﬁc situations to be considered.
If we consider the simpler case when the activity variable is the same for all pedestrians, we propose, in two-dimensional
space, the following form for θ(x,y):
θγ = C exp
(
− (dij − ρ)
2
υ
)
γ , (3.19)
directed along γ , where C is the peak magnitude, dij is the distance between the test pedestrian and the ﬁeld pedestrian,
ρ controls how far away from the center of the pedestrian this peak occurs, and υ affects the rate of decay of the function θ .
In particular, if one considers the normalized vector γ pointing from the position x to x∗ and d(x,x∗) the distance between
x and x∗ , then the action can be assumed to be directed along γ , and depending on the distance: repulsive for d < dc and
weakly attractive for d  dc . This means that the repulsion depends on the distance between the interacting pedestrians—
it has the highest value at the lowest distance (but not beyond a maximum limit) and declines to zero with increasing
distance. In its simplest form, θ is given as
θγ = β1
[
dc − d(x,x∗)
d(x,x∗)
]
exp
{−β2(dc − d(x,x∗))2}γ , (3.20)
where β1 and β2 denote parameters. The relation (3.20) shows a ‘fast decay’, i.e., the impact from a remote object decreases
exponentially. (See Fig. 3.)
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tude of the overall acceleration on a pedestrian in an unbounded region with an unbounded particle density. However, since
in the current model all the interactions are considered within a certain neighborhood, we do not request the existence of
the aforementioned improper integral. One can prefer, therefore, a form derived from Newtonian physics
θγ = β3mim j
d(x,x∗)2
γ , (3.21)
with a positive constant β3, where mi and mj are the masses of the interacting pedestrians. In Eq. (3.21), the magnitude of
the acceleration is proportional to the inverse of the square of the distance.
3.3. Equation for localized interactions
Our analysis now turns to localized interactions to take into account contact at ﬁnite distances between individuals.
In practice, the difference between localized and long-range interactions amounts to the difference between the distance
limits at which interactions produce no effect at all. As we will see, an important point which one must take into account
in modelling is the “limited vision” of the pedestrians.
It is well known that when the density is low, pedestrians can move freely and crowd dynamics can be compared with
the behavior of gases [24]. At medium and high densities, the motion of pedestrian crowds shows some striking analogies
with the motion of ﬂuids and granular ﬂows. Pedestrians will adjust their walking speed according to the speed of the
pedestrians in front of them. Therefore, the mathematical structures which we will use take into account that pedestrians
have the ability to judge distance and to elaborate a walking strategy depending on the distribution of individuals in their
visibility zone. If the traﬃc concentration of pedestrian is not very “dilute”, the interaction process tends to effect a decrease
in the average speed of the traﬃc. Consequently, neither the momentum nor the energy is conserved in the pedestrians’
interaction process, in contrast to the interaction process in the kinetic theory of gases.
Therefore, taking into account local interaction, e.g., the change in f due to interactions between pedestrians, in the
absence of an external potential and neglecting long-range interaction the mathematical structure is then given by a set of
nonlinear integro-differential equations of the type
∂
∂t
f (t,x,v) + v · ∇x f (t,x,v) + ∇v
(
F[ f ] f (t,x,v)
)= J [ f ](t,x,v), (3.22)
where J [ f ] is an operator, usually nonlinear, which models the interactions among pedestrians. The modelling problem now
consists in the mathematical description of the term J [ f ] depending on various conceivable physical situations. Of course,
Eq. (3.22) is incomplete until we deﬁne the J [ f ] term.
3.3.1. Modelling of the term J [ f ]
In what follows, we will resort to the so-called probabilistic formulation [50].
We assume
Assumption 3. Interactions between two individuals are not correlated, and are the only events which may modify the
microscopic states of the interacting individuals. Interactions depend on the microscopic state of the interacting individuals
and can generate a change in the system of the various states, yet preserve the total number of individuals.
Assumption 4. As in the model proposed by Jager and Segel, microscopic interactions among individuals are taken into
account by introducing a pair of terms, η and A respectively, modelling the rate of encounters between individuals and the
transition probability density which modiﬁes the state of each individual subject to an encounter.
Therefore, considering interactions between a test pedestrian with state w1 and a ﬁeld pedestrian with state w2, the
modelling of microscopic interactions can be based on the knowledge of the following three quantities:
• A suitable function ω, weighting the interactions over the visibility zone in front of the pedestrians.
Indeed, pedestrians need not be in contact to interact. One can imagine that the state of the candidate pedestrian is
inﬂuenced by the presence of a ﬁeld pedestrian within a ﬁnite distance ahead, in the interaction zone. Therefore, we deﬁne
the region of interest R to be situated in front of the pedestrian and ideally overlapping with his/her visual ﬁeld. In this
zone, we assume that the movement of the pedestrian is affected by the movement of other pedestrians and by obstacles
in the surrounding area. Of course, when the distance between two pedestrians is relatively large, there are few interactions
between them. We then assume
Assumption 5. Interactions between a candidate pedestrian located at x ∈ Ω and the ﬁeld pedestrians are effective only
within the interaction region R, and are weighted on the basis of the distance separating the candidate pedestrian from
C. Dogbe / J. Math. Anal. Appl. 387 (2012) 512–532 521each of the ﬁeld pedestrians. Weighting is carried out by a weight function ω : R2 → R+ which models the intensity of the
interactions depending on the localization of the interacting pairs such that∫
Ω
ω
(
x,x∗
)
dx∗ = 1. (3.23)
We assume that the strength of the interactions decreases as a function of spatial separation so that ω(x) is a monoton-
ically decreasing function of x. For concreteness, we propose ω(|x− x∗|) to be a Gaussian
ω(x) = e−cx2/2σ 2 , (3.24)
where σ denotes the effective range of interactions and c is a positive constant. We ﬁx the spatial scale by setting σ = 1.
• The encounter rate η(w1,w2), i.e., the rate of encounters for individuals with microscopic state w1 and w2 respectively,
per unit time in the unit volume.
• The interaction–transition function
A(w1,w2;w) : Dw × Dw × Dw → R+, (3.25)
which is such that A(w1,w2;w)dw denotes the probability density that a candidate pedestrian with state w1 will fall into
state w following an interaction with a ﬁeld pedestrian with state w2. The function A has the structure of a probability
density function with respect to the variable w:
∀w1,w2
∫
Dw
A(w1,w2;w)dw= 1. (3.26)
• The product between η and A gives the interaction–transition rate
Π(w1,w2;w) = η(w1,w2)A(w1,w2;w). (3.27)
Technical calculations based on the assumption of statistical independence yield
J [ f ](t,x,v,u) =
∫
D
Π(w1,w2;w)ω
(
x,x∗
)
f (t,w1) f (t,w2)dw1 dw2
− f (t,w)
∫
D
η(w,w∗)ω
(
x,x∗
)
f (t,w∗) f (t,w∗)dw∗ (3.28)
where D = Ω × Dv × Du .
Various generalizations of model (3.28) can be proposed. For instance, we can assume
Assumption 6. The activity variable u of the pedestrian is invariant with respect to interactions with other pedestrians, so
that the distribution f can be written as
f = f (t,x,v)P (u),
where P is a probability density over the state u, i.e.,
P = P (u), Du → R+,
and requiring:∫
Du
P (u)du = 1.
Following [4], the mathematical structure of J [ f ], which can be used to derive crowd dynamics models in our context,
is formally written as follows:
J [ f ] =
∫
Λ
η[](t,x∗,v)ω(∣∣x− x∗∣∣)A(v∗ → v∣∣v,v∗,,u∗,u∗) f (t,x,v∗) f (t,x∗,v∗)P (u∗)P(u∗)dv∗ dv∗ dx∗ du∗ du∗
− f (t,x,v)
∫
Γ
η[] f (t,x∗,v∗)P (u)P(u∗)dv∗ dx∗ du du∗. (3.29)
As a particular case, if we assume
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f = f (t,x,v)δ(u − u0),
then Eq. (3.29) becomes
J [ f ](t,x,v) =
∫
Λ
η[](t,x∗)ω(∣∣x− x∗∣∣)A(v∗ → v∣∣v∗,v∗,(t,x∗)) f (t,x∗,v∗) f (t,x∗,v∗)dv∗ dv∗ dx∗
− f (t,x,v)
∫
Γ
η[](t,x∗) f (t,x∗,v∗)dv∗ dx∗. (3.30)
The following set of equations depict the interactions described above:
∂
∂t
f (t,x,v,u) + v · ∇x f (t,x,v,u) + ∇v ·
(
F[ f ] f
)
=
∫
Λ
η[](t,x∗)ω(∣∣x− x∗∣∣)A(v∗ → v∣∣v∗,v∗,(t,x∗)) f (t,x∗,v∗) f (t,x∗,v∗)dv∗ dv∗ dx∗
− f (t,x,v)
∫
Γ
η[](t,x∗) f (t,x∗,v∗)dv∗ dx∗. (3.31)
This equation bears a deep similarity to the Boltzmann equation of statistical physics.
• Pedestrians in equilibrium.
Some simpliﬁcation can be made to our model. The models proposed in the preceding sections are based on a deriva-
tion from microscopic interactions. In some cases, one can reach the model by heuristic phenomenological arguments. For
instance, if the system is characterized by an equilibrium conﬁguration fe , one can add a relaxation term to model the
movement of pedestrians who wants to reach a certain destination as comfortably as possible (for example, if a pedestri-
an’s motion is not disturbed, he/she will walk at the desired velocity, i.e., at the velocity the pedestrian needs to walk to
reach the target position). The relaxation term describes the adaptation of the average density f to the density-dependent
equilibrium density fe[] directed by ν . The main modelling ingredient is
R( f ) = C[]( fe[]ν − f ), (3.32)
where fe[] represents the tendency of pedestrian to reach their activity u:
fe[](t,x,v,u) = f (t,x,v)δ(u − u0). (3.33)
All the information concerning the physical process is thus contained in the local equilibrium. Momentum and energy are
not conserved in pedestrian motion, but the relaxation towards the intended velocity describes a tendency to restore these
quantities. The coeﬃcient C may depend on fe , this term expresses that the constrained speed distribution f , if given a
chance, would not instantaneously relax back to the desired-speed distribution fe , but needs a certain time called relaxation
time τ .
A relatively simpler case is when these terms are constant in time and space:
R( f ) = c( fe0 []ν − f ), (3.34)
where c is a constant and fe0 is a constant distribution. The reader familiar with statistical physics will recognize the BGK
approximation.
• A speciﬁc case is where the encounter rate η depends, for each pair of interacting pedestrians, on the relative velocity.
Assume that the test pedestrian with state (x,v,u), at a short time-period [t, t + dt), collides with a ﬁeld pedestrian with
state (x,v∗,u∗). (See Fig. 4.)
Then, the expected number of interaction in this period is
Π(t,x,v,u|v∗,u∗) = |v∗ − v| f (t,x∗,v∗,u∗)dx∗ dv∗ du∗, (3.35)
which is equivalent to
Π(t,x,v,u|v∗,u∗) = ν(x,y) · (v∗ − v) f (t,x∗,v∗,u∗)dx∗ dv∗ du∗. (3.36)
Therefore the operator J [ f ] takes the form:
J [ f ](t,x,v,u) =
∫ ∫ ∫
D3
|v− v∗|
[
f (t,w1) f (t,w2) − f (t,w) f (t,w∗)
]
dw1 dw2 dw∗, (3.37)
where |v∗ − v| is the relative velocity.
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Fig. 5. Time evolution of the domain occupied by the crowd.
4. Statement of mathematical problems
Of course, all these models have to be supplemented with initial conditions and when they are set in bounded domains,
with boundary conditions. Once this is done, the mathematical issues are numerous and contain in particular the analysis
of the Cauchy problem (existence, uniqueness, stability), the study of various properties of solutions (regularity, long-time,
behavior, particular solutions, asymptotic problems).
• On the initial value problem.
The initial value problem is characterized by the initial condition
f (t = 0,x,v,u) = ϕ(x,v,u), ∀x ∈ Dt0 ⊂ R2, v ∈ Ω × Dv, u ∈ Du, (4.1)
where ϕ  0 is the initial density, and where Dt0 is the domain of the space variable where the initial condition is localized,
see Fig. 5.
The solution to the above problem should provide the evolution Dt of the domain occupied by the individuals starting
from the domain Dt0 occupied at the initial time. If individuals have a target to pursue, the problem is meaningful if the
target T does not belong to the domain of the initial conditions and until T is not included in Dt0 .• Taking into account the boundary.
The question remains as to what to do at the boundaries. It is left then to understand what happens in the vicinity of
the boundaries ∂Ω , which could be either exterior boundaries or obstacles. The mathematical statement of the boundary
conditions of our model requires the prescription of conditions that are diﬃcult to state properly, taking into account the
crowd leaving ∂Ω and those moving to ∂Ω . These boundary conditions are slightly different from the standard conditions
in kinetic theory, if we want to take into account the various interactions involved in moving the crowd. The periodic box is
a somewhat academic choice of a spatial domain for the study of the Boltzmann-type equation, but we will consider here
very similar, though more realistic boundary conditions.
Let us denote Ωout, a part of the boundary where particles ﬂow out, and Ωin, the part where the inlet of individuals
occur. In this region, pedestrian interaction with the wall is very intensive, which leads to the formation of opaque dense
zones. Finally, we denote by ∂Ωb the part of the boundary where no inlet or outlet occurs. Fig. 6 shows the inlet and outlet
conﬁguration of the crowd domain.
The statement of boundary conditions is then obtained by splitting the distribution function f into part f − , correspond-
ing to pedestrians which approach the wall, and part f + , corresponding to particles which leave the wall:
f − = f (t,x ∈ ∂Ω,v · j< 0,u), f + = f (t,x ∈ ∂Ω,v · j 0,u). (4.2)
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We ﬁrst recall that, at the microscopic level, the interaction between particle and boundary is inﬂuenced phenomeno-
logically by specular conditions. If the boundary is perfectly smooth, the reﬂection is specular. If the boundary is rough, one
further introduces some diffusion by a scattering operator, which is a relevant approximation when considering large length
scales compared to the boundary irregularities’. More precisely, the balance between the outgoing and incoming part of the
trace of the distribution f states:
f |Σ−(t,x,v) = H( f |Σ+)(t,x,v), (x,v) ∈ Σ−, t > 0, (4.3)
where the outgoing/incoming sets Σ+ and Σ− at the boundary ∂Ω are deﬁned by
Σ± =
{
(x,v) ∈ ∂Ω × R3, ±j(x) · v> 0}, (4.4)
and j(x) stands for the outward normal unit at x ∈ ∂Ω . The boundary condition (4.3) expresses that the incoming ﬂux f |Σ−
is related to the outgoing one f |Σ+ through a linear operator H that one can assume to be bounded on some suitable trace
spaces.
5. From statistical to macroscopic
The purpose of model (3.22) is not achieved if it fails to deliver insights as to the properties of the underlying ﬂuid
dynamics. An important goal in the study of interacting particles systems is to understand how, given a large scale, de-
terministic evolution equations emerge from microscopic dynamics [49,37]. This is similar to the problem of deriving
hydrodynamic equations from the Newtonian dynamics of molecules in a gas or a ﬂuid. We now give a detailed, heuristic
sketch of how to derive an approximate macroscopic equation from the microscopic laws of crowd dynamics. (An evolution
equation of nonequilibrium thermodynamics may be likewise derived.)
To derive the macroscopic model of the pedestrian Eq. (3.22), we ﬁrst deﬁne the relevant ﬁelds.
The dimensionless local density is computed as
(t,x) =
∫
Du
∫
Dv
f (t,x,v)dvdu. (5.1)
The total number of individuals in Ω at time t is given by
N(t) =
∫
Ω
(t,x)dx. (5.2)
The mean velocity can be computed as follows:
U(t,x) = E[v](t,x) = 1
(t,x)
∫
Du
∫
Dv
v f (t,x,v)dvdu (5.3)
(the denominator is required even if f is taken to be a probability density in phase space, because we are considering
a conditional probability referring to the position x).
Similarly, the speed variance is
Θ(t,x) = 1
(t,x)
∫
Du
∫
Dv
[
v− E[v](t,x)]2 f (t,x,v)dvdu. (5.4)
The speed variance provides a measure of the stochastic behavior of the system with respect to the deterministic
macroscopic description.
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U(t,x) = q(t,x)
(t,x)
, (5.5)
where
q(t,x) =
∫
Du
∫
Dv
v f (t,x,v)dvdu, (5.6)
which, as in the case of traﬃc ﬂow, is a quantity which can be measured with a better precision than the mean velocity.
In addition, note that by the fact that the above quantities are obtained by an averaging process which includes averaging
over u, it is plain that the modelling of behavioral difference among individuals is lost in the macroscopic description since
it is replaced by the average behavior of all individuals.
Before deriving our macroscopic equation, we postulate
Assumption 8. x∗ /∈ Ω ⇒ θ = 0, which means that the action of the ﬁeld pedestrian is effectively felt. The action θ decays
with an increase of the distances between test and ﬁeld pedestrians and is equal to zero on the boundary of D . Therefore
F [ f ](t,x,v) = 0.
We then begin with the following equation
∂
∂t
f (t,x,v,u) + v · ∇x f (t,x,v,u) + ∇v ·
(
F[ f ] f
)= J [ f ]. (5.7)
We wish to compute the zero, ﬁrst, and second velocity moments. Let χ(v) be a tensor of monomials in the components
of v. We are speciﬁcally interested in the cases:
χ(v) =
⎧⎨
⎩
1 zero moment,
v ﬁrst moment,
v2 second moment.
Applying the moment-generating operator α → ∫

αχ dζ where we denote ζ = (v,u) and  = Dv × Du , we get, at least
formally:
∂t
∫

f (t,x,v)χ dζ +
∫

v · ∇x f (t,x,v)χ dζ +
∫

(∇v · F[ f ] f (t,x,v))χ dζ =
∫

J [ f ]χ dζ . (5.8)
• Continuity equation (conservation of pedestrian numbers).
Firstly, let χ = 1, so Eq. (5.8) becomes Eq. (5.9), which represents the expected density.∫

∂ f (t,x,v)
∂t
dζ +
∫

v · ∇x f (t,x,v)dζ +
∫

∇v ·
(
F[ f ] f (t,x,v,u)
)
dζ =
∫
Dv
J [ f ]dζ . (5.9)
Each term in Eq. (5.9) is discussed separately. From (5.1), the ﬁrst term of the left-hand side (LHS) gives∫

∂ f (t,x,v)
∂t
dζ = ∂(t,x)
∂t
. (5.10)
The second term of the LHS is given by∫

v · ∇x f (t,x,v)dζ =
∫

[∇x · ( f v) − f · ∇xv]dζ = ∇x(U). (5.11)
Assuming that
f (t,x,v)|∂Ωv = 0,
the third term of the LHS leads to∫

F[ f ]∇v f (t,x,v)dζ = F[ f ] ·
[∫

∇v f (t, x,v)dζ
]
= F[ f ] ·
[
f (t,x,v)|∂Ωv
]= 0. (5.12)
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
J [ f ]dζ = 0. (5.13)
Therefore we obtain the ﬁrst conservation law; that is, the conservation of the number of pedestrians:
∂(t,x)
∂t
+ ∇x(U) = 0 (5.14)
using the crucial assumption that the operators J [ f ] is conservative. Eq. (5.14), that of continuity, readily gives the analogy
between ﬂuid density and crowd density.
• Motion equation.
However, it is well known [27] that the assumption of conservation of energy and momentum is not true for interactions
between pedestrians, which commonly do not even satisfy Newton’s third law (“actio = reactio”). Several other differences
with ﬂuids dynamics were pointed out, e.g., the anisotropy of interactions or the fact that pedestrians usually have an
individual preferred direction of motion. The motion equation is derived by substituting the ﬁrst-order moment function v
for χ in Eq. (5.8). This leads to∫

∂ f (t,x,v)
∂t
vdζ +
∫

v · ∇x f (t,x,v)vdζ +
∫

∇v · F[ f ] f (t,x,v)vdζ =
∫

J [ f ]vdζ , (5.15)
which we will rewrite in compact form as
∂t
∫
v f dζ + ∇x ·
∫
v⊗ v f dζ + ∇v ·
∫
F[ f ]v f dζ =
∫
v J [ f ]dζ . (5.16)
Again, each term in Eq. (5.16) is also discussed separately; the ﬁrst term of the LHS is obtained:
∂t
∫
v f ζ =
∫
∂t
[
f (t,x,v)v
]
dζ −
∫
f (t,x,v)∂t(v)dζ
= ∂t(U). (5.17)
By vector analysis, the second term can be rewritten as
∫

v · ∇x f (t,x,v)vdζ = ∇x ·
(∫

f v⊗ vdζ
)
. (5.18)
Next, we observe that each pedestrian has its own velocity v which can be decomposed into sum of U (the bulk velocity,
i.e., what we can directly perceive of the motion by means of macroscopic observations) and the peculiar velocity c:
v= U+ c.
It is clear that the average value of c is zero. We denote by 〈φ〉 the average over the probability measure dζ on  of
any integrable scalar or vector valued function φ(v,u) over the variable v and u. Separating microscopic and macroscopic
components of the inertial term gives
〈vv〉 = 〈(U+ c)(U+ c)〉
= U ·U+ 〈cc〉,
since the cross term gives zero. Substituting the above relation in (5.18) leads to∫
v⊗ v f dζ = U⊗2 +
∫
c⊗ c f dζ , (5.19)
so that Eq. (5.18) becomes
∇ · ( f v⊗ v) = ∇ · (U⊗U) + ∇ · 〈cc〉
= ∂
∂x j
(UiU j) − ∂
∂x j
P i j . (5.20)
The term P := 〈cc〉 in Eq. (5.20) represents the “force” acting to compress any individual who may be at the location. The
term ∇ · P represents the gradient of crowd-pressure. It applies a force that tends to accelerate an individual in the direction
of the negative gradient.
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[
F[ f ]∇v f (t,x,v)
]
vdζ = F[ f ] ·
∫

∇v( f v)dζ − F[ f ] +
∫

f∇vvdζ
= F[ f ] ·
[
( f v)|∂Ωv
]− F[ f ] ·
∫

f dv
= −F[ f ].
We will next handle the interaction term on the RHS of Eq. (5.7). We assume
Assumption 9. The interaction term satisﬁes the relaxation time approximation, i.e.,∫

R( f )vdζ =
[
∂
∂t
(U)
]
relax
= −(U−Ue)
τ
(5.21)
where τ is the velocity relaxation time. Finally, we obtain the following equation of motion:
∂t(U) + ∇ · (U⊗U) + ∇ · 〈cc〉 = F[ f ] − (U−Ue)
τ
,
which we can put in the more standard form:
∂tU+U · ∇U= − 1

∇ · 〈cc〉 = F[ f ] − U−Ue
τ
,
if  = 0 with the notation U · ∇ =∑nj=1 U j ∂∂x j , denoting the ﬁrst-order differential operator with coeﬃcients U j .
The next step is to compute the variance equation.
• Variance equation.
The last equation considered herein is the variance equation, which is obtained by substituting the second moment
function, χ = 12 v2, in Eq. (5.8) to get
∂t
∫

f (t,x,v)
1
2
v2 dζ +
∫

v · ∇x f (t,x,v)1
2
v2 dζ +
∫

∇vF[ f ] f (t,x,v)12 v
2 dζ =
∫

J [ f ]1
2
v2 dζ . (5.22)
Observe that the ﬁrst two terms of the LHS can be rewritten as:
∂t
∫

f (t,x,v)
1
2
v2 dζ +
∫

v · ∇x f (t,x,v)1
2
v2 dζ = ∂t
(
1
2
〈
v2
〉)+ ∇
(
1
2

〈
vv2
〉)
, (5.23)
where we have set
〈ψ〉 := 〈ψ〉(t,x) :=
∫

fψ dζ∫

f dζ
∀ψ.
To express in macroscopic quantities, we use v = U+ c and 〈c〉 = 0 in each term. From now on we will use the notations
U ·U= U2, c · c= c2 and v · v= v2. Note that
v2 = (U+ c) · (U+ c) = U2 + 2U · c+ c2
so that
〈
v2
〉= 〈(U+ c) · (U+ c)〉= U2 + 〈c2〉,
and a technical computation gives
〈
vv2
〉= UU2 +U〈c2〉+ 2〈cc〉 ·U+ 〈cc2〉.
Substituting these values for the averages in Eq. (5.23) gives
∂t
(
1
2
〈
v2
〉)+ ∇
(
1
2

〈
vv2
〉)= ∂t
(
1
2

(
U2 + 〈c2〉)
)
+ ∇ ·
(
1
2

(
UU2 +U〈c2〉)
)
(5.24)
or equivalently
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(
1
2
〈
v2
〉)+ ∇
(
1
2

〈
vv2
〉)= ∂t
(
1
2

(
U2 + 〈c2〉)
)
+ ∇ ·
(
1
2

(
UU2 +U〈c2〉)
)
+ ∇ · (〈cc〉)+ ∇ ·
(
1
2

〈
cc2
〉)
.
Next, observe that∫

∇v ·
(
F[ f ] f
)1
2
v2 dζ = 〈F[ f ] · v〉= 〈F〉 ·U. (5.25)
We deﬁne
〈e〉(x, t) := 〈c2〉/2, (5.26)
as the average internal energy per unit volume at x and the heat ﬂux per by volume
jq = 1
2
〈
cc2
〉
. (5.27)
Therefore, we get
∂t
(

(
1
2
U2 + e
))
+ ∇ ·
(
U
(
1
2
U2 + e
))
= 〈F〉 ·U− ∇ · (P ·U) − ∇ · j+
∫

J [ f ]1
2
v2 dζ .
Assuming again that the RHS of Eq. (5.22) satisﬁes the relaxation time approximation, we have∫

J [ f ]1
2
v2 dζ = −Θ − Θe
τe
, (5.28)
where τe is the relaxation time velocity variance.
Finally, we obtain the following system⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
∂(t,x)
∂t
+ ∇x(U) = 0,
∂t(U) + ∇ · (U⊗U) + ∇ · 〈cc〉 = F[ f ] − (U−Ue)
τ
,
∂t
(

(
1
2
U2 + e
))
+ ∇ ·
(
U
(
1
2
U2 + e
))
− 〈F〉 ·U+ ∇ · (P ·U) + ∇ · jq,= −Θ − Θe
τe
.
(5.29)
This is the kind of equation that Helbing derived in [27], a paper featuring a ﬂuid-dynamic model for the movements of
pedestrians.
5.1. Physical motivation of Eq. (5.29)
Let us try to understand the physical meaning of Eq. (5.29).
The term ∂t in (5.29) is the rate at which the unit volume is accumulating members per unit volume. U is the crowd
mass-ﬂux, the aggregate of product of individual members’ mass and velocities. U 2 is the local x-direction, U-momentum
ﬂux of the crowd. ∂t(U2) is the rate of increase of the local U-momentum along the x-direction. Using a ﬂuid-mechanics
analogy, the “pressure” at each point in the crowd seems to be the crucial factor in assessing risk for any individual in the
crowd since pressure represents an acceleration that tends to compress each individual. Pressure is the force applied per
unit area that acts to accelerate or compress the individuals to which it is applied according to whether they are able to
move in the direction that the pressure is applied. At low densities (no contact), the pressure is not increasing with density,
unless some value is taken to represent the psychologically induced effect that individuals tend to space themselves out
in the absence of clustering. At hight densities, as body contact is occurring, pressure rises rapidly whilst density has little
margin for increase. It is this rapid change from high to low compressibility which signals the end of individual movement
and the start of bulk, ﬂuid-like behaviors.
6. From continuous to discrete modelling of crowd dynamics
This section deﬁnes the mathematical framework for discrete kinetic models of pedestrian traﬃc.
Referring to a criticism made by Daganzo, the assumption of a continuous distribution function over the macroscopic
state of the pedestrians is not justiﬁed if one takes into account that the number of interacting entities is not large enough
to justify this hypothesis. It is therefore necessary to make corrections to take into account certain peculiarities of human
movements such as the anisotropy of interactions or the fact that the desired direction of movement can differ from one
individual pedestrian to another. To overcome this defect, some authors have introduced discrete models. This was also our
task, having taken into account the activity variable.
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As in the models proposed in the previous sections, one of the constraints that emerges in modelling the movement of
pedestrians is the importance of vision in their interaction behaviors. An individual responds primarily to events occurring
in front of the individual. The involvement of the visual ﬁeld of pedestrians who are interacting with other individuals
is therefore an important element to consider when devising a model. Localized vision allows pedestrians to get local
information from the environment.
The discretization generates a new class of nonlinear dynamical systems, which can be regarded as a useful and versatile
framework to model crowd dynamics. Models derived from the above mentioned framework enable us to predict some
interesting emergent behaviors.
For the case considered in this paper, discrete activity is the correct way of identifying the microscopic state. It is
worth stressing that the discretization of the microscopic state is not motivated by a request to reduce the computational
complexity of the system. Instead, the motivation is due to a modelling imperative.
Our modelling is inspired by traﬃc ﬂow modelling. We borrowed some ideas from the paper of Robin et al. [47] which
proposed a microscopic pedestrian model based on discrete choice modelling. In that model, the behavior of pedestrians
varies not only with their physical characteristics, but also with their purpose and surrounding environment. Bearing this in
mind, we assume
Assumption 10. The interaction region of interest is situated in front of the pedestrian, ideally overlapping with his/her
visual ﬁeld. This area is divided into several p-portions, taking into account the direction of the pedestrian. It is then
assumed that in each -portions, with ( = 1, . . . , p), the space and velocity are discretized in the same way.
Having disposed of this preliminary step within the framework of representation of kinetic theory, we make some
discretization. As mentioned above, speciﬁc modelling may require the use of discrete microscopic variables rather than
continuous ones. The main characteristics of our discretizations are as follows. The space variable is discretized thus:
Ix = {x1, . . . ,xi, . . . ,xn}, i = 1, . . . ,n. (6.1)
The velocity of the test pedestrian is discretized into a ﬁnite number of velocities vi for i = 1, . . . ,n on Dv of the form:
I v = {v1, . . . , v j, . . . , vm = V}, j = 1, . . . ,m, (6.2)
where velocities have been divided by the maximal admitted speed that can be reached by fast isolated pedestrians in free
ﬂow condition, while the angular directions of pedestrians is identiﬁed by the discrete variable θ j ∈ [0,2π ], for j = 1, . . . ,m,
corresponding to the discretization (see Fig. 7):
Iθ = {θ1 = 0, . . . , θd, . . . , θD = 2π}, d = 1, . . . , D. (6.3)
We assume the continuous activity variable to be the same for all pedestrians.
Thus, the overall state of the system is described by a distribution function of the type
f (t,x,v,u) =
n∑
i=1
m∑
j=1
f i j(t)δ(x− xi)δ(v− vi)δ(u − u0) (6.4)
with ( = 1, . . . , p) and where
f i j(t,x) = f (t,xi,vi,u0) : [0, T ] × Ω × Dv × Du → R+, i = 1, . . . ,n; j = 1, . . . ,m. (6.5)
With the above discretization, the transport term in the kinetic part of the model can be discretized with ﬁnite difference
approximations. For instance, in one dimension, one has the
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Di j f (x,v) := ∂(v f )
∂x
∣∣∣∣
i, j
=
⎧⎨
⎩
vi, j f i, j−vi−1, j f i−1, j
h for v > 0,
vi+1, j f i+1, j−vi, j f i, j
h for v < 0,
(6.6)
• or second-order central differencing
Di j f (x,v) := ∂(v f )
∂x
∣∣∣∣
i, j
= vi+1, j f i+1, j − vi−1, j f i, j
h
, (6.7)
where now f i, j is a discrete approximation to the solution f (x, y) at the point (x, y) = (ih, jh) on the 2D Cartesian
uniform grid with mesh size h.
Calculations of macroscopic quantities are simply obtained by sums. For instance, the local density is given by:
n(t,x) =
n∑
i=1
m∑
j=1
f i j(t,x),  = 1, . . . , p. (6.8)
In addition, and borrowing some ideas from [47], we can imagine again that the state of the candidate pedestrian is inﬂu-
enced by the presence of a ﬁeld pedestrian within a ﬁnite distance ahead, in the interaction zone. We then deﬁne the region
R to be the region where we assume that the movement of a pedestrian is affected by the movement of other pedestrians
and by obstacles. R overlaps with the candidate’s visual ﬁeld of visual angle θ (ideally θ = 170◦ [47]). Therefore
Assumption 11. The weight function is normalized by requiring
ω
(
x,x∗
)
 0 and
∫
Ω
ω
(
x,x∗
)
dx∗ = 1. (6.9)
This means that the total probability, summed over all possible states of interaction, is set to 1. We assume again that
this satisﬁes the relation (3.24).
Analogous calculations can be developed for ﬁrst and higher order moments simply by replacing integration over the
velocity variable by ﬁnite sums.
The following set of equations depicts the interactions described above:
∂t f

i j(t,u) + Di j[ f ](t,u) = J i j[ f ]
where
J i j[ f ] =
p∑
r,s=1
m∑
h,k=1
∫
Ω
η
[

(
t,x∗
)]
ω
(
x,x∗
)Ai jhk,rs[; θ ,ν] f rsh (t,x) f rsk (t,x∗)dx∗
− f i j(t,x)
p∑
r,s=1
m∑
k=1
∫
Ω
η
[

(
t,x∗
)]
ω
(
x,x∗
)
f rsk
(
t,x∗
)
dx∗ (6.10)
where ∗ = {2, . . . , p} and η[(t,x∗)] is the interaction rate (i.e., the number of interactions, per unit time, in each
portion); ω(x,x∗) represents the weight function over the visibility zone.
The physical picture behind the term Ai jhk,rs[; θ] can be understood as the probability density that an r-portion pedes-
trian with velocity vh identiﬁed with angular direction θ j , will adjust its velocity to vi and its position in portion  following
an interaction with a ﬁeld pedestrian in portion s with velocity vk with angular direction θs .
7. Critical analysis and looking forward
This paper presents the development of a new approach for modelling crowd dynamics based on the mathematical
methods of the kinetic theory of active particles. Speciﬁcally, the project regards the identiﬁcation of the correct kinetic
theory framework to model crowd dynamics. Interactions are ruled not only by the laws of classical mechanics, but also
by certain mechanical functions that are able to modify these laws. Our mathematical approach leads to the description
of various interesting emerging collective behaviors of the complex system under consideration. We then model long-range
and localized interactions among pedestrians, motivated by the observation that in a dense crowd, individual agents have
reduced freedom of movement since they are tightly constrained by nearby agents.
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contains modiﬁcations due to interactions such as collision avoidance and deceleration maneuvers. As in [27], hydrodynamic
approaches have been investigated in conjunction with pedestrian crowd motions to derive macroscopic limits. Our research
convinced us that for pedestrian crowd dynamics, traﬃc ﬂow and granular ﬂow show some striking similarities.
However, the proposed model differs from those in [27] on several counts. While the two models considered in [27]
take into account short-range interactions between pedestrians, our model incorporates both long-range and short-range
interactions between pedestrians. Our investigation shows that it is important to take into account the amount of distance
separating pedestrians during interactions, as well as the highly heterogeneous composition of crowds and the presence
of pedestrian groups. One of the diﬃculties in our undertaking is the modelling of microscopic interactions. To overcome
this diﬃculty, one can use the mean-ﬁeld approach. The main idea of the mean-ﬁeld approach theory is to replace all
interactions with any one “body” with an average interaction, a “mean-ﬁeld”, and therefore to effectively reduce the many-
body problem to a one-body problem. The basic concept of this method uses game theory and has been developed in a
recent paper by the author [16] (see also Ref. [38]).
Due to a critique of Daganzo [12], who stressed various deﬁciencies in the macroscopic and kinetic approaches to the
modelling of traﬃc ﬂow, we have proposed discrete models to take into account that the number of interacting entities is
not large enough to allow for the assumption that the distribution function is continuous over the microscopic state, and
also to take into account the heterogeneity of pedestrian behaviors.
Certainly, there are several features which can be improved in our model. Due to the large arbitrariness which is implicit
in any representation, several features will be deemed of a phenomenological nature, hence susceptible to criticisms and
improvements.
Also, our approach has some limitations. In contrast to the Boltzmann equation, the lack of Newton’s second law of ﬂuid
motion (i.e., the law of conservation of momentum and energy) complicates the modelling of the interaction term.
Pedestrian interactions based on vision do not obey the third principle of Newtonian dynamics. We thus assume that
pedestrians interact with other pedestrians only when these fall in their “sight cone”, a condition that introduces a non-
Newtonian effect (the third law of dynamics does not apply), and causes the system to behave quite differently from a
system of common physical particles. The non-Newtonian effect is due to the fact that a candidate pedestrian “sees” (in-
teracts with) a ﬁeld pedestrian, but the ﬁeld pedestrian does not “see” the candidate. To overcome this drawback, the
appropriateness of the assumptions regarding pedestrian behaviors should perhaps be investigated further and tested em-
pirically. Therefore, along with the items already mentioned as limitations, there are several additional directions for future
work that we now list for the researcher’s consideration.
Some questions that remain unanswered include:
– Comparing pedestrian ﬂow with traﬃc ﬂow, can the analysis developed within the framework of vehicular traﬃc be
extended to the modelling of human behavior? We recall that the main difference between a pedestrian and a vehicle
is in their movement styles. Usually, the movement of a vehicle obeys rigid body motion rules. The movement of a
pedestrian, on the other hand, falls into the category of non-rigid body motion.
– Since interactions among pedestrians play a key role in the analysis of their behavior, what type of interaction will be
relevant in our context?
– What are the roles that the distance and the speed variables really play in our modelling except those that characterize
the imminence of a probable pseudo-collision?
– How could discrete models be properly applied to model human behaviors?
Clearly there is still much work that needs to be done and we hope that our present contribution, which does not claim to
constitute a detailed survey of the ﬁeld, will stimulate research to ﬁnd answers to these fundamental questions.
The model types presented and discussed in the paper are susceptible to being enlarged and further developed towards
interesting applications that are different from the proposed ones. It is important to stress that we are conscious of the
naiveness and roughness of the kinetic model discussed here. Nevertheless, we believe that it displays some interesting
features and, what is more signiﬁcant, that the abstract framework proposed will produce a useful mathematical tool that
can be integrated with our research contribution. We also plan to include a full numerical solution of our models, both in
one and two dimensions.
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